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Esercizio 1.
X v.a., X ∼ N(µ, σ2)

fX(x) = 1√
2πσ2

e−(x−µ)
2/2σ2

E[etx] =
∫ +∞
−∞ etx 1√

2πσ2
e−(x−µ)

2/2σ2

dx =

= etµ√
2πσ2

∫ +∞
−∞ etxe−tµe(x−µ)

2/2σ2

dx =

= etµ√
2πσ2

∫ +∞
−∞ e−1/2σ

2{(x−µ)2−2σ2t(x−µ)+(σ2t)2−(σ2t)2}dx =

= etµ+(σ2t)2/2σ2

√
2πσ2

∫ +∞
−∞ e−1/2σ

2[(x−µ)−(σ2t)]2dx =

= etµ+(σ2t2)/2
√
2πσ2

∫ +∞
−∞ e−z

2/2σ2

dx = etµ+(σ2t2)/2

Dunque m(t) = etµ+(σ2t2)/2

E[X] = m′(t)|t=0 = etµ+(σ2t2)/2(µ+ tσ2)|t=0 = µ
V ar[X] = E[X2]− E[X]2

E[X2] = m
′′
(t)|t=0

m
′′
(t) = etµ+(σ2t2)/2(µ2 + tσ2µ+ σ2 + tµσ2 + (tσ2)2)|t=0 =

= µ2 + σ2

V ar[X] = m
′′
(t)|t=0 −m′(t)2t=0 = µ2 + σ2 − µ2 = σ2

Esercizio 2.
X v.a., X ∼ Po(λ).

fX(x) = e−λλx

x! 1{0,1,2...}(x)

m(t) =
∑+∞
x=0 e

tx e−λλx

x! = e−λ
∑+∞
x=0

etxλx

x! = e−λ
∑+∞
x=0

(etλ)x

x! = e−λee
tλ = eλ(e

t−1)

E[x] = m′(t)|t=0

m′(t) = λeteλ(e
t−1)|t=0 = λ

V ar[X] = E[X2]− E[X]2

m
′′
(t) = λeteλ(e

t−1) + λ2e2teλ(e
t−1)|t=0 = λ+ λ2

V ar[X] = m
′′
(t)|t=0 −m′(t)2t=0 = λ = λ2 − λ2 = λ

Esercizio 3.
X v.a., X ∼ Unif(a, b)
fX(x) = 1

b−a , x ∈ (a, b)

m(t) =
∫ b
a
etx 1

b−adx = 1
t(b−a)

∫ b
a
tetxdx = ebt−eat

t(b−a)

E[x] =
∫ b
a
x 1
b−adx = a+b

2

E[x2] =
∫ b
a
x2 1

b−a = b3−a3
3(b−a) = b2+a2+ab

3

V ar[x] = b2+a2+ab
3 − (a+b)2

4 = (b−a)2
12

Esercizio 4.
X e Y variabili aleatorie con densità congiunta data da:
fX,Y (x, y) = cx(y − x)e−y con 0 ≤ x ≤ y < +∞

1. Per trovare c t.c. fX,Y (x, y) sia una densità basta calcolare

1



∫ ∫
fX,Y (x, y)dxdy = 1, allora∫ +∞

0

∫ +∞
x

cx(y − x)e−ydydx =
∫ +∞
0

cx{
∫ +∞
x

ye−ydy −
∫ +∞
x

xe−ydy}dx =∫ +∞
0
{e−x(x+ 1)− x

∫ +∞
x

e−ydy}dx =
∫ +∞
0

cx{2xe−x + e−x}dx =∫ +∞
0

cxe−xdx = c allora c = 1

2. fX|Y (x|y) =
fX,Y (x,y)
fY (y) , 0 ≤ x ≤ y

fY |X(y|x) =,
fX,Y (x,y)
fX(x) , 0 ≤ x ≤ y <∞

fX(x) =
∫ =∞
x

x(y − x)e−ydy = xe−x allora fY |X = (y−x)e−y
e−x

fY (y) =
∫ y
0
x(y − x)e−ydx = 1

6y
3e−y allora fX|Y (x|y) = 6x(y−x)

y3

3. E[X|Y ] =
∫ y
0
x 6x(y−x)

y3 dx = 1
2y

E[Y |X] =
∫ +∞
x

y (y−x)e−y
e−x dy = x+ 2

Esercizio 5.
Se X è il numero della prima estratta e Y è il max dei due numeri estratti, allora
X = 1, 2, 3 e Y = 2, 3

1. fX,Y (x, y) = fX|Y (x|y)fX(x)
fX,Y (1, 2) = 1/6
fX,Y (2, 2) = 1/6
fX,Y (3, 2) = 0
fX,Y (1, 3) = 1/6
fX,Y (2, 3) = 1/6
fX,Y (3, 3) = 1/3

2. P [X = 1|Y = 3] = P [X=1,Y=3]
P [Y=3] = 1/6

2/3 = 1/4

3. Cov[X,Y ] = E[XY ]− E[X]E[Y ]
E[X] = 1/3 + 2/3 + 1 = 2
E[Y ] = 2/3 + 2 = 8/3
E[XY ] =

∑
xyfX,Y (x, y) = 1/3 + 1/2 + 2/3 + 1 + 3 = 11/2

Cov[XY ] = 11/2− 16/3 = 17/3
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